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Abstract 

Gersten has shown how Maxwell equations can be derived from first principles, similar to those 
which have been used to obtain the Dirac relativistic electron equation. We show how Proca 
equations can be also deduced from first principles, similar to those which have been used to find 
Dirac and Maxwell equations. 

Contrary to Maxwell equations, it is necessary to introduce a potential in order to transform 
a second order differential equation, as the Klein-Gordon equation, into a first order differential 
equation, like Proca equations. 
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I. INTRODUCTION 



The Schrodinger and Klein-Gordon equations can be directly deduced from first princi- 
ples, i.e. from the condition liking the Energy E, mass m, and momentum {? and from the 
correspondence principle where E and are substituted by the quantum operators ih-j^ 

— >2 

and —iKS7. The non relativistic condition (E — 2— — V)ip = where ip is a wavefunction 
gives the Schrodinger equation and the relativistic condition (E 2 — c 2 ~j? 2 — m 2 c 4: )ip = gives 
the Klein-Gordon equation. 

The Dirac relativistic electron equation^ is also derived from first principles, but indirectly 
with a four component wavefunction which permits to introduce a spin-| particle. 

Gersten has shown 2 how Maxwell equations can be obtained from first principles, similar 
to those which have been used to infere the Dirac equation^. 

The aim of the present paper is to show how Proca equations^, describing a massive 
spin-1 particle, can be also derived from first principles, using a decomposition similar to 
those which was used to find Dirac and Maxwell equations. We can notice that the Proca 
equations can be used for massive photons^ and for the London penetration depth in a 
superconductor-^. 

Contrary to Maxwell equations, it is necessary to introduce a potential in order to trans- 
form a second order differential equation, as the Klein-Gordon equation, into a first order 
differential equation, as the Proca equations. 

The method of Dirac and Gerster to obtained the Dirac and Maxwell equations are recall 
in Section 2. The method to obtain the Proca equations is described in Section 3. 

II. DIRAC AND MAXWELL EQUATIONS 

In his 1928 seminal paper-, Dirac deduces his equation from the relativistic condition 
liking the Energy E, mass m, and momentum j?: 

where 1^ is the 4x4 unit matrix and \P is a four component column (bispinor) wavefunc- 
tion. 
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Dirac decomposes Eq. (DQ) into 
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[EI^ + 



mc 
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-mc 2 I® 



^ = 0, 



(2) 



where I® is the 2x2 unit matrix and ~~o is the Pauli spin one-half vector matrix with the 



components a x 




-i 

1 



et a z 




Eq. 



will be satisfied if the equation 
[EI® - 



mc 



■2/(2) 



c p . a 



trp .~a —mc 2 I® 



will be satisfied. The Dirac equation will be obtained by substitution in the equation 
E and by the quantum operators ih^ and —iKV. 



(3) 
I) of 



The two component neutrino equation can be infered, in the same manner, from the 
decomposition 



[E 2 - c 2 ^ 2 )!®^ = {EI® - cp.^}[EI® + c"p = 0, 



where \l/ is a two component spinor wavefunction. 



(4) 



Gersten^ finds in 1998 the photon equation from the relativistic condition on the Energy 
E and momentum 



- ^ 2 )i®v = 0, 

cr 

where I® is the 3x3 unit matrix and \I/ is a three component column wavefunction. 
Gersten decomposes Eq. (J5J) into 
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where S is a spin one vector matrix with components 

/nnn\ / q q j\ 
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(7) 



and with the properties 

[Sx> &y\ = iSz> [£>z> S x ] = iSy. [Sy, S z ] = iS x , S = 21^ . (8) 

Eq. (jHJ) will be satisfied if the two equations 

[|/ (3) + p*."S ] * = 0, (9) 

p.V=Q, (10) 

will be simultaneously satisfied. The Maxwell equations will be obtained by substitution in 
Eqs. ((U HOI) of E and "p by the quantum operators ih^ and —iKV, and the wavefunction 
substitution 

~$ = E-iB, (11) 
where E and B are the electric and magnetic fields respectively. With the identity 

(p.~S )lf = HV x If (12) 

Eqs. and (HDJ give 

fr<9(E-zB) _„ .-»• 

l ~c^~dt = " X ( } ' (13) 

V.(E-iB) = 0. (14) 

There are exactly all the Maxwell equations if the electric and magnetic fields are real. 



III. PROCA EQUATIONS 



In this 1936 paper^, Proca gives relativistic wave equations for a massive spin-1 particle. 
We derive these equations from the relativistic condition on the Energy E, mass m, and 
momentum 

(|-^-mV)/( 3 )| = 0, (15) 

where 1^ is the 3x3 unit matrix and \I/ is a three component column wavefunction. 
Eq. (fl~5l) can be decomposed into 



[|/< 3 >-p-S][|>> + p-S]* 



(J 

Py 
W 



J?.*) - m 2 c 2 ^ = 



(16) 



where S is a spin one vector matrix defined by Eqs and (fSj) . 

Then we define the potential (tp, A) by the following equations: 

_> — > m 2 c 2 . , 

p.* =i—j-<p, (17) 

[^/( 3 ) + p^]^ = *^A. (18) 
If we use these two values in the Eq. ([TBI ) and substitute E 1 and p by the quantum operators 



iftjj and —iKV, we find the equation which decribe the wavefunction from the potential 



— > 1 a A — > 

* = iVx A - V>. (19) 

The other equations correspond to Eqs.([T71) and ( [T8l) by substitution of £/ and by the 
quantum operators iUjL and —ihV 

> m 2 c 2 . . 

V*=~^-^ (20) 

15* _ -> m 2 c 2 -> , , 

^- tVx * = i^ A - ^ ^ < 21) 

If we put * = E - iB, we deduce from Eqs. (PS},® and (J2TJ), if E and B are real, 
the Proca equations 

— > 1 5 A — > — > 

E = — -V.yj, B=VxA. (22) 



c at 



m 2 c 2 



V.E = — V.B=0, (23) 

IdE „ -> m 2 c 2 -> 19B „ =r 

VxB=— ^A, -— + VxE=0. (24) 



c at ft 2 c at 

IV. CONCLUSION 

Above, we have shown how all Proca equations, Eqs. (1221) . ( [231 ) and ([241) . can be obtained 
from first principles, similar to those which have been used to find Dirac and Maxwell 
equations. 

As demonstrated by Levy-Leblond^, the spin of the Dirac electron is not of relativistic 
origin, but primarily a consequence of the use of a multicomponent wavefunction. It is the 
same for the Maxwell and Proca particles. 
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The Dirac, Maxwell and Proca wavefunction are complex. Moreover the Maxwell and 
Proca wave functions $ = E — iB are locally measurable and well understood quantities. 
Therefore these wavefunctions should be used as a guideline for proper interpretations of 
quantum theories. 
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